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Abstract
The structure of a complete lattice formed by closed linear subspaces of a Hilbert space (i.e., a
Hilbert lattice) entails some unreasonable consequences from the physical point of view. Specif-
ically, this structure seems to contradict to the localized variant of the Kochen-Specker theorem
according to which the bivaluation of a proposition represented by a closed linear subspace that
does not belong to a Boolean algebra shared by the state, in which a quantum-mechanical sys-
tem is prepared, must be value indefinite. For this reason, the Hilbert lattice structure seems
to be too strong and needs to be weakened. The question is, how should it be weakened so that
to support the quantum uncertainty principle and the Kochen-Specker theorem? Which logic
will a weakened structure identify? The present paper tries to answer these questions.
Keywords: Quantum mechanics; Closed linear subspaces; Lattice structures; Truth-value as-
signment; Supervaluationism
1 Introduction and preliminaries
The assumption of the structure of a complete lattice imposed on the set L(H) of closed linear
subspaces Ha, Hb, . . . of a Hilbert space H (called Hilbert lattice [1]) entails some unreasonable
consequences from the physical point of view.
To see this, let us introduce the proposition Pa(|Ψ〉) set forth as follows
Pa(|Ψ〉) ≡ Prop
(
|Ψ〉 ∈ H|Ψ〉 ∧Ha
)
, (1)
where Prop(·) is a propositional function (i.e., a sentence that becomes a proposition when all
variables in it are given definite values), H|Ψ〉 is one of the closed linear subspaces of L(H) containing
the state vector |Ψ〉 in which a quantum-mechanical system is prepared, Ha is the subspace of L(H)
that represents the proposition Pa, and the subspace H|Ψ〉 ∧ Ha (if it exists) is the meet of H|Ψ〉
and Ha such that
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H|Ψ〉,Ha ∈ L(H) =⇒ H|Ψ〉 ∧Ha = H|Ψ〉∩Ha ∈ L(H) , (2)
where ∩ is the set-theoretical intersection. By way of illustration, consider the simplest case of a
qubit, a two-state quantum-mechanical system such as a one-half spin particle (say, an electron)
whose spin may assume only two possible values: either +~2 (denoted as “up” or “+” for short) or
−~2 (denoted as “down” or “−”). Suppose, the qubit is prepared in the pure state coinciding with
the normalized eigenvector |Ψ
(z)
+ 〉 = [
1
0 ] of the Pauli matrix σ
(z). This eigenvector lies in the range
of the projection operator Pˆ
(z)
+ = |Ψ
(z)
+ 〉〈Ψ
(z)
+ |, the closed linear subspace of the two-dimensional
Hilbert space H = C2, namely,
ran(Pˆ
(z)
+ ) =
{[
a
0
]
: a ∈ R
}
. (3)
According to the definition (1), in the state |Ψ
(z)
+ 〉 the proposition “Spin along the z-axis is up”,
denoted as P
(z)
+ and represented by the range ran(Pˆ
(z)
+ ), is given by
P
(z)
+ (|Ψ
(z)
+ 〉) = Prop
(
|Ψ
(z)
+ 〉 ∈ ran(Pˆ
(z)
+ ) ∧ ran(Pˆ
(z)
+ )
)
= Prop
(
|Ψ
(z)
+ 〉 ∈ ran(Pˆ
(z)
+ )
)
, (4)
which is a tautology. By contrast, in the same state, the proposition “Spin along the z-axis is
down”, denoted as P
(z)
− and represented by the range
ran(Pˆ
(z)
− ) =
{[
0
a
]
: a ∈ R
}
(5)
containing the second normalized eigenvector |Ψ
(z)
− 〉 = [ 01 ] of the Pauli matrix σ
(z), is given by
P
(z)
− (|Ψ
(z)
+ 〉) = Prop
(
|Ψ
(z)
+ 〉 ∈
{[
a
0
]
: a ∈ R
}
∩
{[
0
a
]
: a ∈ R
})
= Prop
(
|Ψ
(z)
+ 〉 ∈ {0}
)
, (6)
which is a contradiction due to |Ψ〉 6= 0, i.e., the statement that any physically meaningful state
of the quantum system differs from vector 0. In a bivalent semantics (defined by the bivaluation
relation, i.e., the function b from the set of propositions into the set {0, 1} of bivalent truth values)
this can be expressed equivalently, using 0 for false and 1 for true, in the following way:
b
(
P
(z)
+ (|Ψ
(z)
+ 〉)
)
= b
(
Prop
(
|Ψ
(z)
+ 〉 ∈ ran(Pˆ
(z)
+ )
))
= 1 , (7)
b
(
P
(z)
− (|Ψ
(z)
+ 〉)
)
= b
(
Prop
(
|Ψ
(z)
+ 〉 ∈ {0}
))
= 0 . (8)
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Now, recall that in the Hilbert lattice structure, every pair of the elements Ha and Hb from L(H)
has the meet [2]. As a result, in the state |Ψ
(z)
+ 〉, the propositions “Spin along the x-axis is up” and
“Spin along the x-axis is down” (denoted as P
(x)
+ and P
(x)
− , correspondingly, and represented by the
ranges ran(Pˆ
(x)
+ ) and ran(Pˆ
(x)
− ) containing in that order the normalized eigenvectors |Ψ
(x)
+ 〉 =
1√
2
[ 11 ]
and |Ψ
(x)
− 〉 =
1√
2
[ 1−1 ] of the Pauli matrix σ(x)) are determined
ran(Pˆ
(z)
+ ) ∧ ran(Pˆ
(x)
+ ) =
{[
a
0
]
: a ∈ R
}
∩
{[
a
a
]
: a ∈ R
}
= {0} , (9)
ran(Pˆ
(z)
+ ) ∧ ran(Pˆ
(x)
− ) =
{[
a
0
]
: a ∈ R
}
∩
{[
a
−a
]
: a ∈ R
}
= {0} , (10)
and so they have a bivalent truth value:
b
(
P
(x)
± (|Ψ
(z)
+ 〉)
)
= b
(
Prop
(
|Ψ
(z)
+ 〉 ∈ ran(Pˆ
(z)
+ ) ∧ ran(Pˆ
(x)
± )
))
= 0 . (11)
However, by the postulates of quantum mechanics, measurements of spin along the different axes
are incompatible. Since this requires that both propositions P
(x)
+ and P
(x)
− be undetermined in the
state where the proposition P
(z)
+ is verified (i.e., has the value of the truth), quantum logic (i.e.,
the complete orthomodular lattice based on the closed subspaces of a Hilbert space [3, 4]) seems
to contradict to the quantum mechanical uncertainty principle.
Furthermore, quantum logic seems to contradict to the localized variant of the Kochen-Specker
theorem [5] stating that the bivaluation of the proposition Pa(|Ψ〉), represented by the closed lin-
ear subspace Ha that does not belong to a Boolean algebra shared by the state |Ψ〉 in which the
quantum-mechanical system is prepared, must be value indefinite (e.g., instead of (11) it must be
b(P
(x)
± (|Ψ
(z)
+ 〉)) =
0
0 , where
0
0 denotes an indeterminate value).
Therefore, the Hilbert lattice structure seems to be too strong and thus needs to be weakened.
The question is, how should it be weakened so that to support the uncertainty principle and the
Kochen-Specker theorem? Which logic does a weakened structure identify?
The present paper tries to answer these questions.
2 From supervaluationary logic to invariant-subspace lattices
It was already observed in [6] that the Hilbert lattice structure could be weakened by the require-
ment for the meet operation to exist only for the subspaces belonging to a common Boolean algebra.
However, it was not clear what semantics would associate with such a requirement. Let us show
that it is supervaluationism.
Recall that supervaluationism is a semantics in which a proposition can have a bivalent truth value
even when its components do not. Therefore, it allows one to apply the tautologies of propositional
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logic in cases where bivalent truth values cannot be defined [7, 8].
Take, for example, the Heisenberg cut, i.e., the borderline that seemingly separates the quantum
realm from the classical [9, 10, 11]. This cut ensures that sufficiently small systems will manifest
superpositions and hence quantum behavior; on the other hand, for sufficiently large systems, su-
perpositional (quantum) behavior will be replaced by classical behavior. It leads to the question of
where exactly it should be, where a classical system begins and a quantum system ends. It relates
to another question of when the collapse of the wave function takes place and how long it takes
(since this is essentially the same Heisenberg cut but with space replaced by time) [12].
Since the concept of a classical system appears to lack sharp boundaries and because of the subse-
quent indeterminacy surrounding the extension of the predicate “is a classical system”, no quantum
particle (such as electron, protons, or neutron) constituting a composite system can be identified
as making the difference between being a classical system and not being a classical system. Given
then that one quantum particle does not make a classical system, it would seem to follow that
two do not, thus three do not, and so on. In the end, no number of the quantum particles can
constitute a classical system. This is a paradox since apparently true premises through seemingly
uncontroversial reasoning lead to an apparently false conclusion.
To resolve this paradox (known in the literature as the Sorites Paradox [8, 13]), one may deny that
there are such things as classical systems, i.e., the world is quantum rather than classical.
A different approach to this paradox is offered by supervaluationism. Since it is logically true for
any number N of the quantum particles that it either does or does not make a classical system,
the disjunction of the propositions P = “N quantum particle(s) constitute(s) a classical system”
and ¬P = “N quantum particle(s) do(es) not constitute a classical system” is an instance of the
valid schema. That is, P ∨ ¬P should be true regardless of whether its disjuncts can be described
as either true or false. Otherwise stated, while it is true that there is some borderline separating
everything governed by the wave function from a classical description, there is no particular number
of the quantum particles N for which it is true that it is the borderline (i.e., the Heisenberg cut).
This implies that a semantics for a logic of propositions relating to quantum systems should not
be truth-functional (that is, some propositions in this semantics may have no bivalent truth values
which is called truth-value gaps [14]).
As supervaluationism admits truth-value gaps, to interpret propositions relating to the quantum
system in terms of a supervaluationary logic, a lattice structure allowing truth-value gaps should be
imposed on the closed linear subspaces of the Hilbert space associated with the quantum system.
A natural candidate for such a structure is the collection of invariant-subspace lattices that have
no mutual nontrivial members.
Recall that a subspace Ha ⊆ H is called an invariant subspace under the projection operator Pˆa on
a finite Hilbert space H if
Pˆa : Ha 7→ Ha . (12)
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Concretely, the image of every vector |Ψ〉 in Ha under Pˆa remains within Ha which can be denoted
as
PˆaHa =
{
|Ψ〉 ∈ Ha : Pˆa|Ψ〉
}
⊆ Ha . (13)
For example, the range and kernel of the projection operator Pˆa, i.e., ran(Pˆa) and ker(Pˆa) =
ran(1ˆ− Pˆa), as well as the trivial subspaces ran(0ˆ) = {0} and ran(1ˆ) = H (where 0ˆ and 1ˆ stand for
the trivial projection operators) are the invariant subspaces under Pˆa.
Let L(Pˆa) denote the set of the subspaces invariant under Pˆa, namely,
L(Pˆa) ≡
{
Ha ⊆ H : PˆaHa ⊆ Ha
}
. (14)
Recall that the family Σ(Q) of two or more nontrivial projection operators Pˆ
(Q)
n , namely,
Σ(Q) ≡
{
Pˆ (Q)n
}
, (15)
is called a context if the next two conditions hold:
Pˆ (Q)n , Pˆ
(Q)
m6=n ∈ Σ
(Q) =⇒ Pˆ (Q)n Pˆ
(Q)
m6=n = Pˆ
(Q)
m6=nPˆ
(Q)
n = 0ˆ , (16)
∑
Pˆ
(Q)
n ∈Σ(Q)
Pˆ (Q)n = 1ˆ . (17)
Consider the set of the invariant subspaces invariant under each Pˆ
(Q)
n ∈ Σ(Q):
L(Σ(Q)) ≡
⋂
Pˆ
(Q)
n ∈Σ(Q)
L(Pˆ (Q)n ) . (18)
For the qubit where Pˆ
(Q)
+ Pˆ
(Q)
− = Pˆ
(Q)
− Pˆ
(Q)
+ = 0ˆ and Pˆ
(Q)
+ + Pˆ
(Q)
− = 1ˆ, this set is
L(Σ(Q)) = L(Pˆ
(Q)
+ ) ∩ L(Pˆ
(Q)
− ) =
{
ran(0ˆ), ran(Pˆ
(Q)
+ ), ran(Pˆ
(Q)
− ), ran(1ˆ)
}
. (19)
The elements of every set L(Σ(Q)) form a complete lattice called the invariant-subspace lattice of
the context Σ(Q) [15]. It is straightforward to see that each invariant-subspace lattice only contains
the subspaces belonging to the mutually commutable projection operators, that is, each L(Σ(Q)) is
a Boolean algebra.
Recall that two contexts are called intertwined if they share one or more common elements [16].
As any intertwined context has at least one individual element (i.e., one that is not shared by other
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contexts), each lattice L(Σ(Q)) has a nonempty set of individual subspaces. Clearly, in the structure
of the invariant-subspace lattices L(Σ(Q)), L(Σ(R)), . . . imposed on the closed linear subspaces of
the Hilbert space, the individual subspaces of the different lattices cannot meet each other. In
symbols,
ran(Pˆ (Q)n ) ∈ L(Σ
(Q)), ran(Pˆ (R)m ) ∈ L(Σ
(R)) =⇒ ran(Pˆ (Q)n )✟✟∧ ran(Pˆ
(R)
m ) , (20)
where ran(Pˆ
(Q)
n ) and ran(Pˆ
(R)
m ) denote the individual subspaces from the different lattices (i.e.,
Q 6= R), and the cancelation of the meet operation ∧ indicates that this operation cannot be de-
fined for such subspaces (recall that the meet is defined as an operation on pairs of elements from
the same partially ordered set L [2]).
The nonexistence of the meet operation for pairs of the ranges that do not lie in a common invariant-
subspace lattice corresponds to truth-value gaps in supervaluational logic. To be sure, let the
quantum-mechanical system be prepared in the state |Ψ
(Q)
n 〉 residing in ran(Pˆ
(Q)
n ), the individual
subspace from the lattice L(Σ(Q)). In this case, the proposition P
(R)
m represented by the individual
subspace ran(Pˆ
(R)
m ) from the lattice L(Σ(R)) is undetermined and thus cannot have a bivalent truth
value:
b
(
P (R)m (|Ψ
(Q)
n 〉)
)
= b
(
Prop
(
|Ψ(Q)n 〉 ∈ ran(Pˆ
(Q)
n )✟✟∧ ran(Pˆ
(R)
m )
))
=
0
0
. (21)
For example, in the state where the proposition “Spin along the z-axis is up” can be described
as either true or false, both propositions “Spin along the x-axis is up” and “Spin along the x-axis
is down” are neither true nor false: b(P
(x)
± (|Ψ
(z)
± 〉)) = b(Prop(|Ψ
(z)
± 〉 ∈ ran(Pˆ
(z)
+ )✟✟∧ ran(Pˆ
(x)
± ))) =
0
0 .
Then again, in any invariant-subspace lattice on a finite-dimensional Hilbert space one has
ran(Pˆ (R)m ) ∧ ker(Pˆ
(R)
m ) = ran(0ˆ) , (22)
ran(Pˆ (R)m ) ∨ ker(Pˆ
(R)
m ) =
(
ran(0ˆ)
)⊥
= ran(1ˆ) , (23)
where (·)⊥ stands for the orthogonal complement of (·). Given that the subspaces ran(Pˆ (R)m ) and
ker(Pˆ
(R)
m ) represent the proposition P
(R)
m and its negation ¬P
(R)
m , while the subspaces ran(0ˆ) and
ran(1ˆ) represent the conjunction and disjunction of P
(R)
m and ¬P
(R)
m , respectively, one finds
P (R)m ∧ ¬P
(R)
m (|Ψ〉) = Prop
(
|Ψ〉 ∈ H|Ψ〉 ∧ {0}
)
, (24)
P (R)m ∨ ¬P
(R)
m (|Ψ〉) = Prop
(
|Ψ〉 ∈ H|Ψ〉 ∧H
)
. (25)
Since Prop(|Ψ〉 ∈ H|Ψ〉 ∧ {0}) is a contradiction and Prop(|Ψ〉 ∈ H|Ψ〉 ∧ H) is a tautology, the
conjunction and disjunction of P
(R)
m and ¬P
(R)
m are always false and true, correspondingly,
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b
(
P (R)m ∧ ¬P
(R)
m (|Ψ〉)
)
= 0 , (26)
b
(
P (R)m ∨ ¬P
(R)
m (|Ψ〉)
)
= 1 , (27)
even with undetermined P
(R)
m (|Ψ〉) and ¬P
(R)
m (|Ψ〉).
3 Diagrams of lattice structures
To portray different lattice structures of the closed linear subspaces Ha, Hb, . . . of a Hilbert space,
a modified version of a Hasse diagram can be used.
Context ȭ ୸
Ȳ א ran ෠ܲା୸
ran ෠ܲା୸
ran ෠ܲି ୸
ran ෠0 = 0
ran ෠1 =ԧ૛Hilbert sublattice ख ઱ :
ran ෠ܲା୶
ran ෠ܲି ୶ ran ෠ܲା୷ ran ෠ܲି ୷
Context ȭ ୶ Context ȭ ୷
ȭ ؠ ȭ ୸ , ȭ ୶ , ȭ ୷
Figure 1: The bivaluation relation in the Hilbert sublattice L(Σ) of the qubit
Recall that the Hasse diagram is a type of mathematical diagram where each subspace corresponds
to a vertex in the plane connected with another vertex by a line segment which goes upward fromHa
to Hb whenever Ha ⊆ Hb and there is no Hc such that Ha ⊆ Hc ⊆ Hb [17]. Besides the information
on the transitive reduction, the Hasse diagram can also show the truth values of the propositions
relating to the quantum system in a specific state by picturing the vertices that represent these
propositions in the following way: the vertex is drawn as a black square if the proposition is true,
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the vertex is drawn as a black circle if the proposition is false, and the vertex is drawn as a hollow
circle if the proposition cannot be described as either true or false. Moreover, the ellipse-like curves
enclosing the subspaces belonging to the common contexts are added to the standard Hasse diagram.
Context ȭ ୶ran ෠ܲା୶ ran ෠ܲି ୶
ran ෠0 = 0
ran ෠1 =ԧ૛
Ȳ א ran ෠ܲା୸
Invariant-subspace
lattice ख ઱ ܠ :
Context ȭ ୸Ȳ א ran ෠ܲା୸ran ෠ܲା
୸
ran ෠ܲି ୸
ran ෠0 = 0
ran ෠1 =ԧ૛Invariant-subspacelattice ख ઱ ܢ :
Figure 2: The bivaluation relation in the invariant-subspace lattices of the qubit
The Figures 1 and 2 present the diagrams of the structures formed by the closed subspaces of the
qubit. Specifically, the Figure 1 shows the Hilbert sublattice L(Σ) which is a lattice with the same
meet and join operations as the Hilbert lattice L(C2) (the nontrivial closed subspaces of the sublat-
tice L(Σ) correspond to the operators to measure the qubit spin along the x, y and z axes), while
the Figure 2 demonstrates the invariant-subspace lattices L(Σ(z)) and L(Σ(x)). In both Figures,
the truth values are given in the pure state |Ψ〉 ∈ ran(Pˆ
(z)
+ ).
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Consider three contexts Σ(1), Σ(2) and Σ(6) on the Hilbert space C4 used in the paper [18] by
Cabello et al. to prove the Bell-Kochen-Specker theorem. The projection operators composing
these contexts are
Pˆ
(1)
1 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 , Pˆ (1)2 =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 , Pˆ (1)3 = 12


1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

 , Pˆ (1)4 = 12


1 1¯ 0 0
1¯ 1 0 0
0 0 0 0
0 0 0 0

 , (28)
Pˆ
(2)
1 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 , Pˆ (2)2 =


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , Pˆ (2)3 = 12


1 0 1 0
0 0 0 0
1 0 1 0
0 0 0 0

 , Pˆ (2)4 = 12


1 0 1¯ 0
0 0 0 0
1¯ 0 1 0
0 0 0 0

 , (29)
Pˆ
(6)
1 =
1
4


1 1¯ 1¯ 1
1¯ 1 1 1¯
1¯ 1 1 1¯
1 1¯ 1¯ 1

 , Pˆ (6)2 = 14


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 , Pˆ (6)3 = 12


1 0 0 1¯
0 0 0 0
0 0 0 0
1¯ 0 0 1

 , Pˆ (6)4 = 12


0 0 0 0
0 1 1¯ 0
0 1¯ 1 0
0 0 0 0

 , (30)
where 1¯ stands for −1.
ԧ૝
2 3 4
1+2 1+3 1+4 2+3 2+4 3+4
1+2+3 1+3+41+2+4
Invariant-subspace lattice ख ઱ ૚ :
Context ȭ ଵȲ א ran ෠ܲଵଵ
1 ଺ + 2 ଺ + 3 ଺
{0}
1 ଶ
2+3+4
1
2 ଶ + 3 ଶ + 4 ଶ
Figure 3: The bivaluation relation in the invariant-subspace lattice L(Σ(1)) of Cabello’s set
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{0}
ԧ૝
2 3 4
1+2 1+3 1+4 2+3 2+4 3+4
1+2+3 1+3+41+2+4
Invariant-subspace lattice ख ઱ ૛ :
Context ȭ ଶȲ א ran ෠ܲଵଵ
1 ଺ + 2 ଺ + 3 ଺
1 ଵ 1
2+3+4 2 ଵ + 3 ଵ + 4 ଵ
Figure 4: The bivaluation relation in the invariant-subspace lattice L(Σ(2)) of Cabello’s set
The Figures 3, 4 and 5 show the Hasse diagrams of the invariant-subspace lattices based on the
closed subspaces generated by those projection operators in addition to the truth values of the
relating propositions given in the pure state |Ψ〉 ∈ ran(Pˆ
(1)
1 ). In the Figures 3-5, the following
notations are used: “1” denotes ran(Pˆ
(1)
1 ) (or ran(Pˆ
(2)
1 ) or ran(Pˆ
(6)
1 ), depending on the lattice),
“1+2” denotes ran(Pˆ
(1)
1 + Pˆ
(1)
2 ), “1+2+3” denotes ran(¬Pˆ
(1)
4 ) = ran(Pˆ
(1)
1 + Pˆ
(1)
2 + Pˆ
(1)
3 ), and so on.
It is obvious that ran(Pˆ
(2)
1 ) and ker(Pˆ
(2)
1 ) = ran(¬Pˆ
(2)
1 ) = ran(Pˆ
(2)
2 + Pˆ
(2)
3 + Pˆ
(2)
4 ) are the shared
closed subspaces belonging to both invariant-subspace lattices L(Σ(2)) and L(Σ(1)).
What is more, the kernel of the projection operator Pˆ
(6)
4 is the invariant subspace under any
projection operator from the context Σ(1). To be sure,
|Ψ〉 =


0
0
0
1

 ∈ ker(Pˆ (6)4 ) =




c
b
b
a




=⇒


Pˆ
(1)
1 |Ψ〉 =


0
0
0
1

 ∈




c
b
b
a




Pˆ
(1)
m6=1|Ψ〉 =


0
0
0
0

 ∈




c
b
b
a




, (31)
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ԧ૝
{0}
1 2 3
1+2 1+3 1+4
1+3+4 2+3+4
2+3 2+4 3+4
1+2+4
Invariant-subspace lattice ख ઱ ૟ :
Context ȭ ଺Ȳ א ran ෠ܲଵଵ 4
1+2+3
Figure 5: The bivaluation relation in the invariant-subspace lattice L(Σ(6)) of Cabello’s set
where a, b, c ∈ R. Hence, ker(Pˆ
(6)
4 ) = ran(Pˆ
(6)
1 + Pˆ
(6)
2 + Pˆ
(6)
3 ) belongs to both invariant-subspace
lattices L(Σ(6)) and L(Σ(1)). The ordering of ker(Pˆ
(6)
4 ) in L(Σ
(1)) is as follows:
ran(Pˆ
(1)
1 ) ∩ ker(Pˆ
(6)
4 ) =




0
0
0
a




∩




c
b
b
a




=




0
0
0
a




=⇒ ran(Pˆ
(1)
1 ) ⊆ ker(Pˆ
(6)
4 ) . (32)
It can be also shown that ker(Pˆ
(6)
4 ) ∈ L(Σ
(2)) with the similar ordering.
The text boxes of the shared nontrivial subspaces are colored grey in the diagrams.
4 Conclusion remarks
As it can be seen from the above diagrams, all the propositions represented by the subspaces that
do not belong to the invariant-subspace lattices allocated by the state, in which the quantum sys-
tem is prepared, are undetermined.
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This implies that the admissibility rules do not hold true in the structure of the invariant-subspace
lattices imposed on the closed linear subspaces in the Hilbert space.
Recall that according to the admissibility rules [5, 16], (1) if among all the subspaces belonging
to a context there is one that represents a true proposition, then the others must represent false
propositions; what is more, (2) if there is a subspace belonging to a context such that it represents
a false proposition, then another subspace in this context must represent either false or true propo-
sition (as long as only one proposition is true).
One can easily check with the presented above diagrams that the second admissibility rule holds
true within the structure of the Hilbert sublattice L(Σ) but it does not apply to the structure of
the invariant-subspace lattices.
Accordingly, the statement of the Kochen-Specker theorem (expressing that there is no way to
assign a bivalent truth value to every quantum proposition relating to a given context such that
the admissibility rules hold true [19, 20]) need not to be proved in supervaluational logic since it is
immediately evident in that logic.
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